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Gravity wave damping of hydrostatic oscillations
for a buoyant disk
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A disk (i.e. a body whose maximum thickness is small compared with its lateral
dimensions) floats with its central plane of symmetry upright. Its hydrostatic
oscillations are lightly damped by the reaction of the gravity waves generated.
A damping coefficient is obtained. It is shown that superimposed upon these
oscillations is a small displacement which decays with the time ¢ like ¢t~ or 3.

1. Introduction

When a buoyant vessel is initially disturbed from its position of hydrostatic
equilibrium the ensuing motion is damped—among other things—by the genera-
tion of surface gravity waves. The general problem hag been discussed by several
authors. For example, Wehausen (1960, p. 619) outlines a general theory which
leads to a non-linear integro-differential equation. He reproduces in graphical
form Sretenskii’s (1937) numerical calculations for a particular case. Ursell
(1964) describes a method which uses a force coefficient A(w) which is obtained by
considering the problem of forced oscillations of frequency w. He discusses the
particular case of a half-immersed circular cylinder for which certain properties
of A(w) are known or may be found from previous work. He found that the dis-
placement (from the equilibrium position) decays like =2 or ¢-3, the oscillatory
components being exponentially small.

It is worthwhile to note a theory for a class of bodies whose thicknesses are
small compared with their lateral dimensions and which float upright, i.e. with
their central planes of symmetry vertical. Viscosity is more important here than
for fatter bodies, while the wave damping is much lighter; but nevertheless the
theory is of interest.

2. Formulation

Consider the disk floating in an upright position at the horizontal interface of
two superposed homogeneous liquids which extend to infinity in all directions.
When undisturbed the interface defines the (x, y)-plane, with the z-axis positive
upwards. Let the central plane of symmetry of the disk coincide with the fixed
vertical plane of the y- and z-axes and let the equation of the lateral surfaces of

the disk at time ¢ be
r= taf(y,2t) = +ab(y,z—zlt)), (2.1)
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where 2a is the maximum thickness of the disk. z,(f) is the vertical displacement
from the position of hydrostatic equilibrinm. If 5 is the mean density of the upper
and lower fluids, then the current density p may be expressed as a function of the

height z in the form p = p(z) = (1—Asgn 2)p, (2.2)

where 0 € A < 1. Then the density difference between the two fluids is 2Ap. In
the position of equilibrium let the area of the horizontal cross-section of the disk

at z = 0be 2B, (2.3)

so that B is a measure of the width. A mean height, say 4, is defined in terms of
the mass M, of the disk by the relation

M, = 20 ABp. (2.4)

Since the thickness of the disk is small compared with its lateral dimensions,
a € A, a < B, and a small thickness parameter is defined by

a = 2afA. (2.5)

We wish to solve an initial value problem for the free oscillations of the body.
However, it is simpler analytically to consider the equivalent problem in which
the velocity and acceleration are zero at ¢ = 0 and where a vertical disturbing

force equal to MF(Y) (2.6)

is applied. Initially (0 < ¢ < dt) the force is just sufficient to hold the disk at
rest at a height d, above its equilibrium position, so that

29(0) = dy (2.7)
and 24(0) = £4(0) = 0, (2.8)
where a dot denotes differentiation with respect to the time. At time ¢t = d¢,

F(t) becomes momentarily infinite and thereafter (¢ > dt) vanishes. In this way
a vertical velocity U, is imparted to the disk just before its release, and the quasi-

initial conditions 2(0) = dy 2(80) = T, (2.9)

hold, where 8t — + 0. This approach simplifies the calculation of the drag made
in the next section.

To ensure that the disk’s motion is purely vertical, its shape is also symmetric
with respect to the z-axis, so that

At points of the (y, z)-plane outside the body, {(y, 2, t) is defined to be zero. When
the upwards displacement is z, and the interface is undisturbed the increase in
the (hydrostatic) thrust is — 2aBz,2gAFb(z,).

Here b(z,) is a factor which corrects for the change with the displacement of the
cross-sectional area at z = 0. This is 2aB only when the displacement is zero
(unless the section is locally constant). Thus when z, is small (e.g. compared with

A) we may write b(z) = 1+ b2+ O(2). (2.11)
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In the general case of oscillations with waves there will be an additional hydro-
dynamic thrust Z; which may be written conveniently as

Ry = —aMyR(t) = —4a2BpR(1). (2.12)
The basic equation of motion of the disk may now be written
£o(t) + aR(t) + n3b(zy) 2,(t) = F(t). (2.13)
Here n, is the hydrostatic frequency:
ny = (25%/4)3, (2.14)
where §2 = Ag. (2.15)

3. The hydrodynamic resistance

In order to estimate the drag we assume that @ < 1. No further assumption is
made at this stage (except that the velocity is suitably bounded so as to avoid
splashing and/or cavitation). Suppose that ¢(r,t) is the velocity potential at a
current point r (we will not distinguish between the potentials of the upper and
lower fluids). Then the boundary condition at the surface of the disk is given
approximately by o6 o

+

a_x z=10 = —aa_t) (3'1)

if terms O(e?) are ignored (‘thin body’ approximation). Physically this equation
represents a source distribution on the (y,z)-plane. Since the motion is sym-
metric with respect to this plane,

d(x,y,2,t) = ¢(—2,y,2,t). (3.2)

Again for small @, the wave amplitude is small, and the kinematic condition at
the interface implies that d¢/0z is approximately continuous there (‘infinitesimal
wave’ approximation). The strength of the vortex sheet at this surface is
measured by G defined as

G(x,y,t) = %(¢z=+0—¢z=—0)' (3.3)

Similarly, continuity in pressure at the interface is expressed by continuity of
¢ o9
(o)

at z = 0, approximately, if « is sufficiently small. (Lamb 1932, p. 375). In terms
of G, this condition may be expressed as

o2Q o0 o2
=7 = 2\ - N
ot ° (3z)z=0 +3A ot? (¢Z=+0 + ¢z=—0)’ (3.4)

where s? is given by (2.15). The boundary condition at infinity is ¢, = 0 and the
initial conditions at ¢ = 0 are that both ¢ and G and their first derivatives with

respect to time vanish; i.e.
¢=%f=a=g_?=o (3.5)

at t = 0 (cf. (2.8).)
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Now with regard to the excitation of the fluid caused by the motion of the disk
and by the vortex sheet at the interface, the field equation for ¢ reads

Vig = 2a%8(z) + 2G4 (2),

where the prime denotes differentiation with respect to z. Equations (3.1) and
(3.3) have been used here. Under a Fourier transform

fw dxfw dyfw dze-i(k:c+ly+mz)

0E(l, m, t)
ot

this equation becomes

(k2 + 12+ m2)p(k, I, m, 1) + 2a + 2imG(k, 1, t) = 0. (3.6)

The variables here signify transformed quantities. For example

g(lg m, t) - foo dyfoo dzg(y, 2, t) e—i(ly+mz)

= e~ (1, m), (3.7)

where £y(I, m) = £(1, m, 0).
From (2.3) it follows that

|7 vz

while from (2.10) Eo(l,m) = Ey(—1, m). (3.9)

0= B, (3.8)
0

t

Also it is useful to introduce plane polar co-ordinates in the horizontal (k,1)-
plane of wave-number space:

k=«kcosf, [=«ksinf, 3z 0. (3.10)
Then from (3.6) we find from an application of the inverse operator
1 (= .
J— 1Mz
o _wdme

that ¢(k,l,z,t)=G(k,l,t)e""’"sgnz—% ” dmeimza—g(l—’é:n;”/(/cz+m2). (3.11)

-

A vorticity equation now follows from this and equation (3.4), viz.

e af= ., 0f ¢
_32?+V20 = —;f_w dm(zszmg+A5t§)/(K2+m2), (3.12)
where V2 = 8% = Agk = §Anfx (v = 0). (3.13)

Equation (3.12) may be solved for G by a quadrature which involves the kernel
siny(t—7):

0 t . oE(l 3
G(k, l,t) — _%f—wdmfodT(ZSZm g( ’a:n; T)+Aa g(;;?; T)) gin V(t—T)/V(K2+m2);

(3.14)
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where the initial conditions (3.5) have been used. If this expression for & is now
inserted into (3.11), an integration by parts (twice) and an application of the
inverse transform

2i dketkz
yields m
a ® ik * T —x|z ag(l’ m, t)
oz, 1, 2,1) = — 5 —wdke "‘f_wdm{(e mz 4 Ae~*l2 ggm z)T
t
+ (s2/v) (#m — Ax)e*7 sgn zf drsinv(t—7) ﬁ(l’%ﬁ’i)}/(lc2 +m2).
0

{3.15)
Here the initial conditions (3.5) have been used once more.
Consider now the hydrodynamic pressure. This is given approximately by

p= —pig|ot,
if @ € 1, and so the resultant upward hydrodynamic thrust %, on the disk at
time ¢ is approximately

Ry = —2af dyf dzp(z )3"5(0 Y% t)ag(?’a’: 2} (3.16)

if terms O(a®) are neglected. In this expression we substitute

(1/477%')J‘0o d/\fw dp pE(— A, — p, ) e~ Av+s2)

for 0£/éz, and identify ’ dye—i"”%g’a%/’—z’i)

as a Fourier transform of d¢/dt. The expression for the thrust may then be written

zpaf d’\f dupg(— A, —p,t f da¢x—aOAZt) e~#2(1— Asgnz).
(3.17)

Here, o¢/0t may be found from (3.15) by a differentiation with respect to the
time and the substitutions z = 0 and ! = A. Inserting this into (3.17) we see that
the z-integration may be performed. For example we have

fw dze—ire—xE(A —sgn z) = 2(3p + Ak) (k% + u?), ete.

—w

A substitution for £(I,m,t) and §(—A, —u,t) from (3.7) now enables R(t) (cf.
(2.12)) to be written in the approximate form

R(t) = M{zy(t)} 2o(t) — K{zo(t)} [2(1)?
+ szft dr fw dk kf{K; 2g(t), 2o(T)} cOS V(E—T)2o(T),  (3.18)
0 )

with an error O(x).

Here
7 —3A YAY
Fisszot) 2o} = smB) [ a0 |7 am [ apt gt )

x Eg(l, m)Eo( =1, — p) exp [i{pzo(t) —mzo(7)}], (3.19)
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where A has been replaced by I, and the double integral j —wdk J _wdl has been

transformed into its polar co-ordinate form, cf. (3.10). M,{z,(¢)} is a virtual mass
coefficient which derives from the first two terms of the integrand on the right-
hand side of (3.15). It is given by an integral similar in structure to (3.19), but
its precise form is not required here. Similarly for K{z(t)}.

So far no restriction has been placed upon the amplitude or velocity. Thus
(3.18) may be used to estimate the wave energy generated at the interface when
the disk ascends from low to high levels (i.e. from z = — o0 to z = +00) with a
constant velocity (see, for example, Warren 1961).

4. The equation of motion
The introduction of (3.18) into (2.13) yields

[1 4+ a M {zo(t)})Z0(t) — o K {zo(t) }[24(£)]2
+ ocszft dede Kf{K; 2o(t), 2o(T)} cO8 V(E — 7)24(T) + nZb{zo(t) } 24(F) = F(2). (4.1)
0o Jo

This is a non-linear integro-differential equation for the displacement, with an
error O{a?). Also, it holds when F(¢f) is an impulsive force, although during the
time of its action only the first term on the left-hand side is relevant, viz. the
inertia term which includes the virtual mass coefficient. Hitherto no restriction
has been placed upon the amplitude; however, to find an approximate solution
to the initial value problem we now suppose that the amplitude is small (com-
pared with 4) and set z,(t) = eAz(t), where ¢ < 1. Replacing F() by eAF(t) and
dividing by €4, (4.1) becomes

[1+aM,{0})3(t) + aszf: d‘rj:d/c kf{x; 0,0} cos v(t —T1)()
+nz(t) + enddb [2(t)]2 = F(1), (4.2)

if (2.11) is used and terms O(a?) and O(e?) are neglected. Some care is needed here
when dividing by €. If the velocity of the disk is O(e) (rather than O(1)), then a
factor ¢ appears in all the estimates and errors made in the previous section (cf.
the thin body and infinitesimal wave approximations) and the error attachedto
(3.18) is O(ea). The error in (4.1) is then O(ex?), and so division by € is viable.
Finally, set € = o(e), e.g. ¢ = a?. The non-linear term on the left-hand side of
(4.2) which derives from the hydrostatic thrust may then be ignored. Physically
this means that the amplitude of the oscillations must be small compared with the
(small) thickness of the disk. This condition may be relaxed if b, = 0, i.e. if the
cross-section is locally constant in the neighbourhood of the interface.

A non-dimensional form of (4.2) now follows if we divide by [1+ «,{0}] and
make the successive substitutions

ng/[1+aM{0}] = n?, (4.3)
k—>2«]A, m—>2m[4, t-—>i/n,
F{2 450,01 3Af(x), (4.4)

and F(t)—>nh(t).
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n— 1y is the change in frequency from a virtual mass effect. Then (4.2) reduces to

)+ aft d*rfwd/c kf(k) cosk¥(t — 7)2(7) + 2(t) = h(t), (4.5)
o Jo
if terms O(«?) are omitted. Next, from (3.19)
m m{m +1Ax) . 2
flx) = (1/ﬂ2A3B)f_"d0{ _md 2—+—2—go(2xsm0/A,2m/A)} , (4.6)

where (3.9) has been used. From (3.8) we see that
f(0) = 2B[nd. (4.7)

In (4.6), « is real and positive. However, f(x) may be continued analytically into
the complex k-plane. For when x > 0

m(m + 1Ak m(m + 1Ak )
f I )g"(l’ =f dmf_w m? + 2 )go(l,z)ym,

where for convenience we temporarily revert to dimensional variables. With a
little manipulation this latter expression reduces to

ﬂfm dzgy(l, z)e 17 (sgnz— A), (4.8)

where the prime denotes differentiation with respect to z. Now from the definition
(2.10), £4(1, 2) is an entire function of I which is real when lis real. Hence from (4.6)
and the dimensionless form of (4.8), f(«) is an entire function of « which is real
and positive when « is real and which is O(«~2) (in fact o(x—2)) when « is real,

large and positive. Again, using (4.8), the Fourier transform dye~*, and
the identity e
— f dfe~sinb = J(k),

we see that f(«x) may be written in the (dimensional) form

(1 /4"B)f:dy1 J. O_Omdy2 f:dzl f:dzz E6(y1> 21)E0(Y2s 22) ©XP { — k(|24| + [25])}

X (A—sgnz,)(A—sgnz,) Jo{ky: +95)}  (4.9)

This indicates the behaviour of f(«) in the complex plane. Thus for ready guid-
ance f(x) may be compared with

k~¥(1 4 e~24x) cos 2Bk, (4.10)

when |«| is large. Physically from (4.9) we see that f(k) is related to a quasi
weighted mean square value of the vertical rate of change of the disk’s thickness
at any point.
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5. Solution of the initial value problem

Referring to the initial conditions (2.7), (2.8) and (2.9), a suitable choice for
h(t) enables the initial conditions attached to (4.5) to assume the form

2(0)=d, 20)=U, (5.1
where Rty =0, t> 0. (5.2)

A choice of methods is available for solving (4.5), and it is worthwhile to note that
an integration with respect to the time yields an integral equation for the velo-
city #(¢):

¢ @
)= U—dt _fo d’r{(t —7)— ozfo dk &t f(k) sink¥(t —7) 13(7). (5.3)

This is a Volterra equation of the second kind whose kernel is a function of (f—7)
and is a well-known type whose solution may be found in a closed form by a Lap-
lace transform (see, for example, Tricomi 1957, p. 23). However, it is simpler to
treat (4.5) directly. Subject to (5.1) and (5.2), a Laplace transform

f dte, 0 < phw <, (5.4)
0

reduces (4.5) to D(w,a){(w) = U —idw{l + aH(w)}, (5.5)
where {(w) is the transform of z(¢), and
D(w,a) = 1 —w?{l + aH(w)}. (5.6)

Here we have made use of a Faltung theorem, viz. that the transform of
4
f AT F ((t —7)F o(7)
0

is equal to the product of the transforms of % ,(t) and % ,(t) (see, for example,
Tricomi 1957, p. 24). H(w) is given by

H(w) = f:dKKf(K)/(K—w2) (5.7)
= [+ w0,
0
where Hyw) = fmdkf(K)/(K —w?). (5.8)
0

The «-integrals here are discontinuous functions of @ when Im w changes sign.
Hence we define (5.7) and (5.8) to hold only for 0 < phw < m, cf. (5.4). Since f(x)
is an entire function of «, the path of integration may be deformed in the complex
x-plane so to avoid the pole at k = w? when w crosses the real w-axis. Cauchy’s
residue theorem then shows that when the x-path is returned to the real axis,
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H,(w) has an analytic continuation given by

Hyw) = f:dxf(x)/(K—M)—27n'f(w2), ifr < phw < 37

= fwd/cf(/c)/(/c——w2)+27rif(w2), if0 > phow >z ~In (5.9)
0

= P.V.fwd/cf(/c)/(/c— w?) + mif(w?) sgn , if w is real.
0

Here the behaviour of f(x) is known, and for large || the x-integral is O(|w|~2),
0 < phw < 27. When o is in the neighbourhood of the origin, however, the in-
tegral has a logarithmiec behaviour, and

Hyw) ~ 2f(0)]log w. (5.10)
The operator inverse to (5.4) is
1 [o+ic .
5 _w+wdwe”’"",
where ¢ > 0. From (5.5)
2(t) = Re;lrf:dwe"f‘“‘[U+idw{1 +aH(w)}]/D(w, &). (5.11)

It is readily verified that D(w, a) has no zeros in the upper half plane, asis to be
expected from stability considerations. From (5.9) H(w) is regular in the w-
plane if this is cut along the negative imaginary axis. Comparing D(w, ) with
the function 1 — w?, an application of Rouché’s theorem shows that D{w, ) has
exactly one zero, w = w, say, within a large semicircle |o| = r(z), Rew > 0,
where r(a)—>oc0 as a—>0. (A first approximation to {r()}p.x yields a term
O(|log o[t). This follows from an examination of the large modulus zeros of
D(w,a).) From (5.8), w, is given approximately by

w, =1 —%aP.V.fdeKf(K)/(K— 1) — Lamif(1), (5.12)
0

and so lies just below the real axis at a distance O(a) from w = 1. Hence in (5.11)
the integrand is not uniformly bounded on the path of integration as & —0, and
so the path is deformed to lie well below w,. Once clear of this point the path re-
turns to the real axis to avoid a possible encounter with the large modulus zeros.
For example, a path L would suffice which consists of the semicircle | —1| = 1,
Im @ < 0, and that part of the real axis where w > 2. Onsuch a path the integrand
behaves satisfactorily, and from (5.11)

(@ +iUw)etet
1+30(1 - w?)(d/dw)log H (w)]w=w1

2(t) = Re[
+ Re%fL dwe= (U —idw)/(1 — w?)

+Re” J’ dwewi(Uw —id)H(w)/(1 — 0?) D(w, ).
n)L
(5.13)
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The real part of first integral in the right-hand side vanishes identically, while for
large ¢ (> 1) the major contribution to the second integral comes from the path in
the neighbourhood of the origin. Setting w — — 4w, this latter integral equals

o(Uw+ d){f:dK:‘_]:_(’;)z (— a)z)}
I+ 0¥){) + 0¥l + aH(—iw))} ’

where L’ is obtained from L by an anticlockwise rotation of 7 about the origin.
So for large ¢ we obtain the approximate value of the integral (see, for example,
Erdelyi 1956, p. 30), viz.

2af(0)[T(5)Ut—5(1 + O(t~2)) + ['(4) dt—4(1 + O(t-2))], (5.14)

20
Re—{| dwe
mTJr

where f(0) is given by (4.7). In terms of dimensional variables, (5.14) equals

M,UT(5) M, dT(4) 9y
QPGP A Fndgenet T OE):

(1+0(2)+

Equation (5.13) embodies the principal results of the thin body theory, i.e. that
the hydrostatic oscillations are damped by a factor

oo (-0

(cf. (5.12)), and that superimposed upon these oscillations is a small displace-
ment O(e) which decays like ¢~ or ¢-5. Also, the frequency and phase of the oscil-
lations are modified by terms O(a) (cf. (4.3)).

The two-dimensional case carries through. The basic modification is the omis-
sion of the factor « in the integrand in the expression for H(w), equation (5.7).
This has the effect of changing the decay of the non-oscillatory component to the
form @ U

7 (c1 d+ec,— ; ) (¢4, = constant).

These are the decay rates obtained by Ursell (1964) for the realistic case of the
circular cylinder for which a = O(1). From the viewpoint of the linearization
in «, this seems a coincidence. In the case of finite depth, the principal effect is
to modify H(w) as follows:

(" )
H{w) = fo dKKtanh kh — w?’

where the fluids lie between horizontal planes situated at z = + 4hA. This func-
tion is again singular at the origin, and suggests that the decay of the non-
oscillatory component is then of the form

U
e (cld+c2 t)

for three dimensions, and W (cl d+c, tU)

for two dimensions.
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